
he
the
ions
nt

PHYSICAL REVIEW D 1 APRIL 1996VOLUME 53, NUMBER 7

0556-282
Wave packet collisions in Yang-Mills-Higgs theory
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We present numerical simulations of colliding wave packets in spontaneously broken SU~2! Yang-Mills-
Higgs theory. Compared with pure Yang-Mills theory, introducing the Higgs field leads to new aspects in t
dynamics of the system. The evolution of the gauge field and the Higgs field is investigated as a function of
amplitude of the wave packets and of the mass ratio of the Higgs boson and the gauge boson. We find reg
in our parameter space in which initial wave packets scatter into final configurations with dramatically differe
momentum distributions.
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I. INTRODUCTION

Collisions between classical wave packets have recen
been studied numerically for several interacting relativist
field theories@1–4#. Interest in this topic arose in connection
with expectations that the rate of multiparticle productio
processes in electroweak interactions, which can manif
themselves, e.g., in baryon-number violation, might be u
suppressed at high energies@5#.

The nonperturbative nature of the baryon-numbe
violating amplitude@6# demands a corresponding nonpertu
bative approach as provided by semiclassical techniques.
main difficulty in semiclassical approaches is the treatme
of the 2→ many particle transition amplitude, since theini-
tial state of high energy particles is not semiclassical at a
and loop contributions are essential in general~see, e.g.,@7#!.
Possible techniques for circumventing this difficulty of th
semiclassical approach have been proposed and studie
the literature@8–10#.

In the classical approach to scattering, the question is
following: Does there exist a mechanism for energy trans
from high frequency modes, which corresponds to two hig
energy particles, to low frequency modes representing a m
tiparticle final state? At first glance, the answer to the que
tion, formulated in terms of nonlinear dynamics, seems to
affirmative since the gauge field theories are nonlinear. Ho
ever, the studies of (111)-dimensional Abelian Higgs
model@1# andlw4 theory@2# have shown no indication for a
nonperturbative mechanism providing the coupling betwe
the initial high and the final low frequency modes. For ex
ample, in@1# the wave packets always passed through ea
other without being destroyed. It is important to note that
@1# the initial states were always chosen to have small a
plitudes, which made the nonlinear terms less important.

The important issue here is that the results are stron
influenced by the nonlinearity because of the non-Abeli
spin-field coupling, which is absent in Abelian models. It
this coupling that is responsible for the infrared instabilitie
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of the pure non-Abelian gauge theory. This can be seen from
the linearized equation describing small perturbationsam

c

around an SU~2! background fieldAm ~in background
gauge!:

~Dm
2an!a22g«abcFmn

b am
c 50, ~1!

whereDm[]m2 ig@Am ,# is the gauge-covariant derivative.
The second term in~1! may have any sign. In particular, this
essentially non-Abelian coupling drives an instability for
perturbations with isospin polarization orthogonal to the
isospin of a standing wave, which leads to a growth of low
frequency modes from initial high frequency modes@3#. This
may imply the existence of classical trajectories of the type
required for multiparticle production@9#, if the instability
persists in more realistic cases, e.g., collisions of localized
gauge field wave packets.

From a more general point of view, the observed inability
of the nonlinearity to furnish a mechanism for the formation
of strongly inelastic final states is, in our opinion, intimately
connected with the integrable nature of the classical system
considered in@1# and@2#. It is well known that non-Abelian
gauge theories are nonintegrable in the classical limit , an
exhibit dynamical chaos@11,12#.1 This dynamical stochastic-
ity of the non-Abelian gauge fields together with their men-
tioned dynamical instability are possible sources of the non
perturbative mechanism for the coupling between high and
low frequency modes. At the same time, it is important to
recall the special role of the Higgs field as a mechanism fo
the suppression of the dynamical chaos of the non-Abelia
gauge fields@13#.

With this in mind, we studied@4# the collision of two
SU~2! gauge field wave packets, homogeneous in the trans
verse plane. As we expected, based on previous results@3#,
the collision of essentially non-Abelian initial configurations
trigger the decay of initial high frequency modes into many
low frequency modes with dramatically different momentum

an,

ton,

1Strictly speaking, chaos only sustains for solutions of finite en-
ergy density@12#. Finite energy solutions in 311-dimensions will
spread out in space at late times and will therefore linearize. How
ever, numerical results indicate that at intermediate times thes
fields generally exhibit exponentially growing perturbations.
3823 © 1996 The American Physical Society
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distributions, whereas for Abelian configurations~parallel
relative isospin polarizations! wave packets pass throug
each other without interaction.

The present paper, which studies collisions of wave pa
ets in the SU~2! Higgs model, is a generalization of the ea
lier work in two directions. First, it is an extension of@1# to
the non-Abelian Higgs model. Second, it is a generalizat
of the previous work@4# to the case where the SU~2! gauge
symmetry is spontaneously broken by a Higgs field and
fundamental excitations of the gauge field are massive.

One expects that the explicit mass scale introduced by
Higgs field will act as a cutoff on the low frequency excit
tions, potentially leading to drastic changes in the coupl
between high and low frequency modes. We will see that
real situation is more complicated, and the ratiol/g2 of the
Higgs self-couplingl and gauge couplingg and the vacuum
expectation valuev of the Higgs field are essential param
eters.

This paper is organized as follows. In Sec. II, we form
late the problem. In Sec. III, we present results from o
numerical simulations and discuss their implications. Sect
IV is devoted to an extended discussion of our results.
Sec. V, we conclude and indicate possible directions for
ture research.

II. FORMULATION OF THE PROBLEM

In this section, we describe scattering of classical wa
packets in the non-Abelian Higgs model and its numeri
formulation on the lattice. In particular, we give a brief di
cussion of the scaling properties of the classical dynam
This section is based on previous work@1,4#.

A. The non-Abelian Higgs model

Here we give a brief discussion of the spontaneously b
ken SU~2! Yang-Mills theory, in which a charged scalar iso
oublet field, the Higgs field, is coupled to the gauge fie
This model retains the most relevant ingredients of the e
troweak theory. The action describing this model in 311
dimensions is given by

S5E d3xdtH 2
1

2
tr~FmnF

mn!1
1

2
tr@~DmF!†DmF#

2lF12tr~F†F!2v2G2J ~2!

with Dm5]m2 igAm
a ta/2, Fmn[Fmn

a ta/25( i /g)@Dm ,Dn#,
and

F5f02 i tafa, ~3!

whereta (a51,2,3) are Pauli matrices. Following the not
tion of @14#, we represent the complex Higgs doublet by
quaternion, which is convenient for numerical manipulatio
Clearly, this maintains the correct number of degrees of fr
dom in the Higgs field.

By a scaling transformation

xm8 5gvxm , F85F/v, Am8 5Am /v, ~4!

we obtain the action in terms of the primed quantities
h
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S5~1/g2!E d3x8dt8H 2
1

2
tr~Fmn8 F8mn!

1
1

2
tr@~Dm8 F8!†D8mF8#2l8S 12tr~F8†F8!21D 2J

~5!

with l85l/g2.
Within classical physics, the prefactor 1/g2 in ~5! is irrel-

evant, leavingl85l/g2 as the only relevant parameter in
the action. Note thatl8 is proportional to the square of
MH /MW , the mass ratio of the Higgs boson andW boson.

The elementary excitation modesr andWm are best de-
scribed in the unitary gauge

F5~v1r/A2!U~u!, ~6!

Am5U~u!WmU
21~u!2~1/ig !@]mU~u!#U21~u!, ~7!

whereU(u)5exp(itaua), r describes oscillation of the Higgs
field about its vacuum expectation value, andWm is the field
of the gauge boson.Wm andr obey the classical equations of
motion

@Dm ,F
mn#1MW

2 Wn1
1

A2
g2vrWn1

1

4
g2r2Wn50, ~8!

~]m]m1MH
2 !r13A2lvr21lr32

A2
4
g2vWm

aWam

2
1

4
g2rWm

aWam50, ~9!

whereMH52vAl andMW5gv/A2. Dm and Fmn are de-
fined in terms ofWm . After a scaling transformation similar
to that in ~4!, it is easy to see that the above equations of
motion depend on a single parameter: the mass ratio
MH /MW . However, in the simulation of colliding wave
packets, there are other parameters involved in the initial
condition.

B. Scattering of classical wave packets

Our numerical study is based on the Hamiltonian formu-
lation of lattice SU~2! gauge theory@15# ~see@4,16# for more
details!, in which the dynamic variables are link variables
defined as

U l 5exp~2 igaAl
c tc/2!, ~10!

wherel stands for the link index. As in@4#, we work on a
one-dimensional lattice with a physical sizeL5Na, where
N is the number of lattice sizes anda the lattice spacing. We
arrange initially two Gaussian wave packets with average
momentak5(0,0,k̄), and widthDk. Our goal is to simulate
the collision of twoW-boson wave packets in the back-
ground of the Higgs condensate.

Before actually constructing the wave packets, one has to
deal with the gauge-fixing problem. In the Hamiltonian for-
mulation of lattice gauge theory, temporal gaugeA050 is
most convenient. On the other hand, one must construct the
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W-boson wave packets in the unitary gauge and then tra
form back to obtain the initial conditions in the tempor
gauge. The gauge field for a configuration of two we
separated wave packets in the unitary gauge can be writte

Wc,m5WL
c,m1WR

c,m , ~11!

with c being the isospin index andm the Lorentz index.
WL

c,m is a left-moving wave packet, initially centered atzL ;
WR

c,m is a right-moving wave packet, initially centered a
zR . In our simulation,zL and zR are chosen in such a way
that the two wave packets are positioned symmetrica
about the center of the lattice. Specifically, we take tran
versely polarized wave packets

WL
c,m5~0,0,1,0!nL

cc~z2zL ,2t !, ~12!

WR
c,m5~0,0,1,0!nR

cc~z2zR ,1t !, ~13!

with nL
c and nR

c being the polarization vectors in isospi
space. We choosenR

c5(0,0,1) fixed and leavenL
c free to be

varied. The above choice satisfies the relation]mW
m50.

Because we have chosen transversely polarized w
packets,2 they already satisfy the temporal gauge conditi
W050. If we had chosen, instead, longitudinally polarize
wave packets~as in Ref. @1#!, we would have needed to
apply a gauge transformationU(x,t) which transformsWm
to Am,

Am5UWmU
212~1/ig !~]mU !U21, ~14!
ns-
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such thatA050, i.e.,

]0U5 igUW0 . ~15!

In our case, obviously,U51.
To construct the wave packets, we need to specify the

functional form ofc(x,t). A right-moving wave packet cen-
tered atz50 at timet50 with mean wave numberk̄, width
Dk, and mean frequencyv̄5Ak̄21MW

2 is described by

c~z,t !5
A\

A4pApVDks
E

2`

`

dkze
2~kz2 k̄!2/2~Dk!2

3@ei ~v~kz!t2kzz!1c.c.#, ~16!

with v(kz)5Akz21MW
2 and

V5v̄H 11
1

4 F12S k̄v̄ D 2G S Dk

v̄ D 21OF S Dk

v̄ D 4G J , ~17!

where the amplitude of the wave packet is fixed by requiring
energy equal to\v̄ ~‘‘one particle’’! per cross sectional area
s. In the following, we will set\51.

Performing thekz integral att50 gives

cu t505A 2Dk

ApVs
e2~Dkz!2/2cos~ k̄z!. ~18!

Since the differential equations are of second order in time
one also needs to specifyċ[]c/]t at t50, which is found
to be
orders
ċu t505
i

A4pApVDks
E

2`

`

dkzv~kz!e
2~kz2 k̄!2/2~Dk!2@ei @v~kz!t2kzz#2c.c.# t50

5A 2v̄Dk

Aps~V/v̄ !
e2~Dkz!2/2H sin~ k̄z!1

k̄
v̄

Dk
v̄ Dkz cos~ k̄z!1

1
2 F12S k̄v̄ D 2G S Dk

v̄ D 2@12~Dkz!2#sin~ k̄z!1OF S Dk
v̄ D 3G J .

~19!

Furthermore, the initial condition for the Higgs field is chosen as the vacuum solution

f05v, fa50, ḟ05ḟa50 at t50. ~20!

To determine the number of independent parameters, we make use of the scaling transformation~4! for cu t50 . In terms of
the primed quantities, Eq.~18! reads

c8u t8505~1/v !cu t505~1/p1/4!A Dk/MW

~V/MW!~sMW
2 /g2!

e2~Dk/MW!2z82/4cos@~ k̄/MW!z8/A2#, ~21!

2Note that under realistic conditions, the luminosity for transversely polarized gauge bosons in proton-proton system is typically two
of magnitude higher than for longitudinally polarized ones and increases with energy@17#.



3826 53C. R. HU, S. G. MATINYAN, B. MÜLLER, AND D. SWEET
where

V

MW
5A11~ k̄/MW!2F11

1

4

~Dk/MW!2

@11~ k̄/MW!2#2

1O„~Dk/ k̄!4…G . ~22!

The above initial condition contains three dimensionless
rameters:k̄/MW , Dk/MW , andsMW

2 /g2. There appears one
more parameter in the initial condition, i.e., the relative r
tation in isospin space between the two wave packets, wh
we denote byuC .

Combining equations of motion and initial condition, ou
ansatz has five independent parameters:MH /MW , k̄/MW ,
Dk/MW , sMW

2 /g2, and uC . The parameterk̄/MW , which
sets the energy of collisions in units of theW-boson mass, is
referred to as the energy parameter.Dk/MW , whose inverse
specifies the width of each wave packet in position spa
can be called the width parameter. The amplitude of ea
wave packet depends onk̄/MW as well asDk/MW , but more
crucially, onsMW

2 /g2. In our simulation, we always require
k̄@Dk so that the wave packets are well-defined objec
Furthermore, we choosek̄@MW to model high energy scat-
tering.

In our numerical calculations, the SU~2! coupling con-
stantg was fixed to be 0.65. However, because of the scal
properties of the equations of motion and the initial cond
tions, the results of our calculation do not depend on
particular choice ofg andv. This can be verified by the fac
that the amplitude of the wave packets only depends on
ratio ofs andg2. Also, since the dynamics does not depe
on a particular choice ofs or g as long as the ratios/g2 is
fixed ~assuming thatMW and other parameters remain fixed!,
we can predict, from the result for one couplingg at a certain
value ofs, the result for another couplingg8 at a different
s85(g8/g)2s. Hence, a change of the value for the gau
couplingg simply corresponds to a rescaling of the param
eters controlling the amplitude of initial wave packets.

III. NUMERICAL RESULTS

A. Dependence on the mass ratioMH /MW

As established in the previous work@4#, the behavior of
the wave packet collisions is governed by the nonlinear
because of the self-interaction of the gauge field. For t
wave packets of parallel isospin polarizations in the pu
Yang-Mills theory, where the nonlinear self-coupling in th
gauge field is absent, we found no indication of any intera
tion @4#. This provided a check on our numerical procedu
and showed that the artificial interactions introduced by t
formulation in terms of compact lattice gauge fields did n
affect the results.

Here, for the Yang-Mills-Higgs system, the situation
more involved. Besides the nonlinearities because of
gauge field self-interaction, there exist other nonlinearit
induced by the gauge-Higgs coupling and by the Higgs se
interaction. However, in the case where most energy rema
contained in the gauge field and the Higgs field is on
slightly excited, one can expect that the gauge field se
pa-
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interaction will be the major contributor to the nonlinearities
observed in the system. Note that the amplitudes of the
gauge and Higgs fields shown in the figures below are in the
temporal gauge. This means that the longitudinal part of the
gauge field is not fully represented in the figures.

The top rows of Figs. 1 and 2 show a few ‘‘snapshots’’ of
the space-time development of the collidingW-boson wave
packets withMH5MW50.126, s50.336, k̄5p/5, and
Dk5p/100 for parallel~Fig. 1! and orthogonal~Fig. 2! iso-
spin polarizations, respectively. The figures show the abso-
lute magnitude of the scaled gauge field amplitude,
uA8u5uAu/v. For parallel isospin orientations, the result of
the ‘‘collision’’ is a slight distortion of the initial wave pack-
ets showing no sign of significant inelasticity. In contrast, the
top row of Fig. 2 illustrates that the collision of two wave
packets with orthogonal relative polarizations in isospin
space is strongly inelastic.

The difference between the two figures is even more
clearly illustrated by looking at the evolution of the absolute
value of the Fourier transform of the gauge-invariant energy
density~scaled byv2)

Ẽ ~k,t !5
E~k,t !

v2

5
1

4v2
U E d3x eik•xTr@E2~x,t !1B2~x,t !#U, ~23!

whereE is the gauge electric field andB the gauge magnetic
field. It is seen that the spectrum for the parallel isospins
~median row in Fig. 1! does not change its shape dramati-
cally, while for the case of orthogonal isospins~median row
in Fig. 2!, the spectrum spreads out widely. The spike at
k50 in these spectra corresponds to the total energy con-
tained in the transverse gauge field. From its slight decrease
in Fig. 2, we see that the energy transferred to the Higgs and
the longitudinal gauge fields during the collision is small
('10%). This reflects the fact that the nonlinearity due to
the gauge field self-coupling dominates. Furthermore, the
bottom rows of Figs. 1 and 2 illustrate the time evolution of
the Higgs field excitations3 around its condensate valuev
~which is scaled to unity! accompanying the collision pro-
cess shown in the top rows of Figs. 1 and 2. Here, we have
plotted the squareuF8u25uFu2/v2 of the Higgs field as a
function of space coordinate at three different times.
Throughout our simulations, we have keptkmin!Dk! k̄
!kmax, wherek min and kmax are the minimum and maxi-
mum momentum on the lattice, respectively. This ensures
that the wave packets are smooth on the lattice. But during
collisions, unlike quantum mechanics, classical dynamics
does not provide a mechanism for stopping power from
flowing to very low frequency modes~close tokmin) or to
very high frequency modes~close tokmax). In our calcula-
tions, the power flowing to high frequency modes does not
cause a deterioration in the local smoothness of the gauge
field at the end of the simulations.

3As seen from~9!, oscillations of the gauge boson field act as a
source for Higgs field excitations. The Eq.~8! for the gauge field
does not possess a source term.
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FIG. 1. Collision of twoW-wave packets with parallel isospin polarizations. We chooseMH5MW50.126, k̄5p/5, Dk5p/100,
g50.65, ands50.336. This simulation, as well as all others below, was performed on a lattice of lengthL52048 and lattice spacing
a51. The top row shows the space-time evolution of the scaled gauge field amplitudeuA8u, the median row exhibits the corresponding
Fourier spectra of the gauge field energy density, Eq.~23!, and the bottom row shows the space-time evolution of the scaled Higgs fi
uF8u2. The abscissae of top and bottom rows are labeled in units of the lattice spacing, and the abscissa of the median row is in
p/1024.
le

To display dependence on the mass ratior5MH /MW ,

the top row of Fig. 3 shows the collision of two orthogonal
polarizedW-wave packets at the final time (t5580) for three
different values ofr5MH /MW . It is seen that the ‘‘inelas-
ticity’’ is more pronounced for smallr . On the other hand,
the distortions in the wave packets still survive at larger
~even atr5100, not shown here!. This can be understood a
follows. Remember that there are three sources of nonline
ity, namely, gauge field self-coupling, gauge-Higgs couplin
and Higgs self-coupling. As the Higgs mass increases,
Higgs modes begin to decouple. As a result, the interact
between gauge and Higgs fields diminishes and hence c
tributes less to the nonlinear effects. The gauge field s
interaction is not affected by the change in the Higgs ma
and acts as the main contributor of nonlinear effects o
served during the collision. The median row of Fig. 3 is th
analogue of the top row of Fig. 3 in momentum space,
defined in~23!. Again, it gives a clearer picture of the inelas
ticity of the collision process. The bottom row of Fig.
ly
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demonstrates that the amplitude of the Higgs field excitations
becomes smaller as the Higgs boson mass is increased, whi
their frequency increases withMH .

It is remarkable that for small Higgs boson mass, as seen
for r50.1 in Fig. 3, the Higgs field oscillates not about the
vacuum expectation valuev but rather about zero. This ob-
served behavior holds even at larger values ofr , up to
r'0.5 ~not shown here!. This suggests that for not too large
r , the collision of gauge field wave packets, accompanied by
energy transfer from gauge field to Higgs field, leads to res-
toration of the broken symmetry. This phenomenon occurs
for gauge field configurations with large amplitudes.4 Indeed,
it is easy to see thatr52A2v ~i.e., uFu50) is an exact

4The idea that the restoration of vacuum symmetry is possible in
the background of intense gauge fields was first noted in@18#. Also
see@19#, where the role of external gauge fields in the restoration of
broken symmetries was considered.
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FIG. 2. Same as Fig. 1, but for orthogonal isospin polarizations.
d

e

-

solution to Eq.~9!. Insertingr52A2v into Eq. ~8! leads to
the pure Yang-Mills equation for masslessW bosons. In
terms of excitations around this state,x5r1A2v, we re-
write Eqs.~8! and ~9! as

@Dm ,F
mn#1 1

4g
2x2Wn50, ~24!

F]m]m2
1

2
MH

2 S 11
g2W2

8lv2 D Gx1lx350, ~25!

whereW252(Wi
a)2,0 for transverse polarized wave pack

ets ~the sum over spatial indexi and isospin indexa is as-
sumed here and below!. After dropping a constant term
lv4, the corresponding effective potential describing the e
citationsx has the form

V~x,Wm!52lv2~12h!x21
l

4
x4, ~26!

where we denote

h[
g2~Wi

a!2

8lv2
5

1

r 2 SWi
a

v D 2. ~27!
-

x-

In the following, we useh as a parameter in which the true
intensity (Wi

a)2 of the high frequency gauge field pulses is
replaced by its space-time average^W2&. Depending on
whetherh,1 or h.1, the potential~26! has two different
stableminima:

for h,1, xmin56A2v~12h!1/2, i.e., uFu5v~12h!1/2,
~28!

for h>1, xmin50, i.e., uFu50. ~29!

Stable excitations about these ‘‘vacua’’ have the square
masses

M̃W
2 5MW

2 ~12h!u~12h!, ~30!

M̃H
2 5

MH
2

2
u12hu@11u~12h!#. ~31!

Thus, forh.1, the broken symmetry is restored and oscil-
lations of the scalar field occur about the symmetrical stat
uFu50, not aboutuFu5v. The effective mass of the gauge
bosons in the region where the symmetry is restored van
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FIG. 3. Mass ratior5MH /MW dependence of the collisions shown for three different values ofr at the end of our calculation
(t5580). Here, we have used orthogonally polarizedW-wave packets. Except the mass of the Higgs boson, all the other parameters are
to be the same as in Fig. 1.
i
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ishes. Forh,1, the ratio between the effective massesM̃H

and M̃W has no dependence onh and remains
r5MH /MW . Relations~30! and~31! are characteristics of a
second order phase transition. The expression~27! for h
shows that in the regime of large (Wi

a)2.v2, this phase tran-
sition can occur for experimentally favorable mass rat
r.1.

Oscillations of the scalar field around the new symmet
cal minimum uFu50 are clearly seen forr50.1 where
h'126 ~see Fig. 3!. These numerical results provide indica
tions for transition from the phase with spontaneously br
ken SU~2! symmetry and asymmetric vacuum to the pha
with restored SU~2! symmetry and symmetric vacuum as
result of the collisions. Sinceh is the only relevant param-
eter in question here, this transition can occur either for sm
l ~light Higgs boson! or for largel ~heavy Higgs boson! if
amplitude of the gauge field is large enough. In Fig. 3, it
also interesting to notice that the spatial region showing sy
metry restoration seems to be wider than the region wh
the colliding wave packets stay visibly large.

It is clear that the phenomenon discussed above does
o
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-
e

all

is
-
re

not

depend on the one-dimensionality of space in our calcula
tions. However, it is to be expected that the symmetry resto
ration would not persist as long in three dimensions as th
wave packets disperse more rapidly after the collision, cau
ing the squared amplitudêW2& to decay more rapidly.

B. Yang-Mills and BPS limit

In the light of the previous work@4#, it is instructive to
study the limiting case of the present system a
MH ,MW→0 while fixing r5MH /MW ~which is chosen to
be one here!. Of course, this corresponds to the limitv→0,
where one expects that the gauge field in the Yang-Mills
Higgs system behaves most closely to that in a pure Yan
Mills system. In Fig. 4, the top row shows snapshots of th
collision of two orthogonally polarized wave packets with
MH5MW50.001 and the bottom row exhibits the corre-
sponding spectra. Qualitatively, these figures show that th
time evolution is very similar to that seen in the pure Yang
Mills system~see Figs. 2 and 4 in@4#!.

The second interesting limit is the Bogomol’ni-Prasad
Sommerfield~BPS! limit @20# whereMH→0 butMW is fi-
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FIG. 4. Collision of two orthogonally polarized wave packets in the Yang-Mills limit. Except forMH5MW50.001, all the other
parameters are the same as in Fig. 1. The top row shows the space-time evolution of the scaled gauge field amplitude. The bottom r
the Fourier spectra of gauge field energy density, as defined in~23!.
nite (l→0, v fixed!. Figure 5 shows the snapshots and spe
tra for this case withMW50.126 andr50.01. Again, we
display only the orthogonal case, which reveals compl
destruction of the wave packets as in the pure Yang-M
limit. It is interesting to note that in this limit, the static forc
between equally chargedW bosons vanishes because of th
precise cancellation between the photon and~massless!
Higgs exchange diagrams, which is a result of the elect
magnetic duality@21#. For a pair of oppositely chargedW
bosons, the contributions from these diagrams add to e
other, doubling the attraction.

C. Dependence on the initial amplitude and energy

In our simulation, the most crucial role is played by th
initial amplitude of the wave packets. As in the pure Yan
Mills case@4#, we find that the amount of ‘‘inelasticity’’ ob-
served in the present system is closely linked to the mag
tude of the dimensionless amplitude~21!. This amplitude
depends on several independent parameters:sMW

2 /g2,
Dk/MW , andV/MW' k̄/MW ~for k̄@MW), each of which
has a different physical meaning. Noting that the gauge c
pling constant is fixed to beg50.65 throughout our simula-
tion andMW is a fixed quantity in reality, the best way t
study the amplitude dependence is to varys without chang-
ing anything else. By varyings, we find that the nonlinear
effects increase with amplitude. For a very larges ~very
small amplitude!, we find no indication of ‘‘inelasticity’’ in
the colliding wave packets at the end of the simulation.

To search for the energy dependence, we have to study
dependence onk̄, which determines the energy of the initia
wave packet. In the meantime, we fixs, MW , andMH .
MW andMH are chosen to be much smaller thank̄ to model
high energy scattering. Furthermore, as we changek̄, Dk is
c-
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either fixed or changed proportionally to fix the ratioDk/ k̄.
In Fig. 6, we display snapshots of collisions at the final time
for different sets ofk̄ and Dk. Figure 7 shows the corre-
sponding spectra. The orthogonal isospin cases in Figs. 6 and
7 are shown in the left column with their parallel isospin
counterparts in the right column.

Clearly, the observed nonlinear effects in the orthogonal
cases are qualitatively similar for differentk̄ or Dk; while in
the parallel cases, regardless ofDk, the nonlinear effects
disappear ask̄ is increased fromp/25 top/5.

IV. DISCUSSIONS

A. Amplitude dependence

Our numerical calculations show, for a wide range of pa-
rameters, that the wave packet collisions with orthogonal
isospin orientation are strongly inelastic if the scaled initial
amplitude@see Eq.~21!, k@MW#

S 2Dk

Ap k̄sv2
D 1/2 ~32!

is of the order of unity. We recall that the expression~21! for
the scaled amplitude was determined by the condition that
the wave packet contains one particle per transverse areas.

Although, in the strict sense, our configurations describe
wave packets which are infinitely extended in the transverse
direction and hence contain infinitely many particles, only a
finite transverse area influences the dynamics over a finite
period of time. As argued in@4#, causality restricts that area
to s(Ts)5pTs

2 whereTs is the elapsed time after the impact
of the two wave packets. The relevant number of particles in
the initial state is therefore given by
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FIG. 5. Collision of two orthogonally polarized wave packets in the BPS limit. Here, we fixMW50.126 but choose a small mass for the
Higgs:MH51022MW . All the other parameters are the same as in Fig. 1. The top row shows the space-time evolution of the scaled g
field amplitude. The bottom row shows the Fourier spectra of gauge field energy density, as defined in~23!.
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. ~33!

What is the lower bound onNi
eff under realistic condi-

tions, for which strongly inelastic events occur? Let us fi
estimate the constraints on our parameters from a reali
point of view. Clearly, we must havek̄@v. The natural
spread of anyW-boson wave packet produced in high ener
interactions is of orderDk;v in the comoving reference
frame. Therefore, the typical transverse area of t
W-boson wave packet is of orders'1/v2. Because of Lor-
entz contraction, its longitudinal momentum spread will ge
erally be much larger thanv, or of orderDki;gv, where
g' k̄/MW is the Lorentz factor. As a result,Dki / k̄ will be
approximately independent of the collision energy, with
value not much smaller than one. Assuming, e.
Dk/ k̄'0.5 in ~32!, we obtain an amplitude of order unity
implying that a fewW bosons per areas in the initial state
could produce strong inelasticity. Of course, the prec
lower bound on the particle number will depend on the d
tailed shape of the wave packets and requires a full thr
dimensional analysis. But our estimate shows that stron
inelastic events are not excluded for collisions of wave pa
ets containing few particles. In this respect, the results of
analysis correspond to those of Rebbi and Singleton@10#
who found that few-particle initial states may not be e
cluded for baryon number nonconserving processes resul
in multiparticle final states.

As mentioned above, the finite transverse size of or
v21 limits the applicability of our calculation for the rea
three-dimensional case to timesTs<v21. Since the inelas-
ticity is clearly revealed for timesTs;100 ~see, e.g., Fig. 5!,
rst
stic
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our numerical results apply most confidently to very high
energy wherek̄/v>102.

B. Energy dependence

We now turn to the question of the energy dependence o
the nonlinear effects seen in the wave packet collisions. In
the (111)-dimensional Abelian Higgs model, the nonlin-
earities were clearly found to decrease with energy@1#. For
the non-Abelian Higgs model discussed here, the answer
given in Figs. 6 and 7. The inelasticity seen in the orthogona
isospin cases does not change significantly with energy
while it dies out in the parallel isospin cases ask̄ increases.
This shows the fundamental role of the non-Abelian nature
of theW-W interaction in the formation of strongly inelastic
final states.

From Figs. 6 and 7 one can also see that the inclusion o
the Higgs field produces new phenomena which are not see
in the pure Yang-Mills system: For initial configurations with
parallel isospin, in which case nonlinear interactions of the
gauge bosons are absent, lowering of the parameterk̄ leads
to inelastic final states. This is exclusively because of the
Higgs field since the collision of wave packets with parallel
isospin configurations in the pure Yang-Mills theory always
leads to elastic final states independently ofk̄ @4#. Of course,
this pattern indicates that the influence of the Higgs coupling
to the gauge field increases for smallerk̄. How does one
understand this behavior? For this purpose, we recall that a
our calculations are in the regime of high energy
( k̄@v,MW). For the highest energy of the collisions
( k̄5p/5), where parallel polarized wave packets scatter elas
tically, one may think that the transversely polarizedW-W
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FIG. 6. Final states (t51100) of the scaled gauge field for three different sets ofk̄ and Dk are shown. Here,s50.504 and
MH5MW50.01, while all the other parameters are the same as in Fig 1. Left column: orthogonal isospin orientations. Right column:
isospin orientations.
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scattering~elastic in these collisions! proceeds via exchange
of the gauge and of the Higgs bosons in the tree approxim
tion. The first contribution prevails at high energy, but it do
not contribute to the inelastic final states for the parallel iso
pin orientation. Inelasticity may arise here only from th
nonlinear coupling of the gauge and Higgs fields or, in d
grammatic language, because of the Higgs exchange wh
contribution increases with the lowering ofk̄.

V. CONCLUSION

We have numerically studied collisions between classi
wave packets of transversely polarized gauge bosons in
spontaneously broken Yang-Mills-Higgs theory. Our main r
sults are the following.

~1! We have found evidence for the creation of final stat
with dramatically different momentum distribution
~strongly ‘‘inelastic’’ events! for a wide range of the essentia
parameters.
s
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l

~2! These inelastic events persist at the highest inves
gated energies (k̄/MW;102) for collisions with orthogonal
isospin polarization, reflecting the essentially non-Abelia
character of the interaction. For parallel isospin configura
tions, in contrast, the inelastic events, which are solely b
cause of the Higgs field, occur only for lower energies.

~3! Under more realistic conditions as discussed in Se
IV A, the inelastic events are not excluded for initial con
figurations with few particles.

~4! We have observed, at least forr<0.5 ~with fixed am-
plitude for the gauge field wave packets!, the phenomenon of
symmetry restoration as a result of the wave packet col
sions. This transition from the asymmetrical state to the sym
metrical one is governed by a single parameterh, which
depends on both the mass ratior and the amplitude of the
wave packets.

Summarizing, we conclude that the introduction of th
Higgs field~in the broken symmetry phase! does not in gen-
eral spoil the inelasticity of the final state in collisions with
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FIG. 7. Energy spectra for the cases shown in Fig. 6.
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orthogonal isospin orientation. Our results provide a stro
motivation for exploring related phenomena in~311! dimen-
sions. This would allow one to study collision betwee
realistically-shaped wave packets and investigate the part
number content of inelastic final states. Last, but not t
least, it would be interesting to study the winding numb
change associated with these collisions.
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